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The T-Box

The set C of concept symbols is divided into C = Cb ∪ Cn with
Cb the set of base concept symbols (primitive concepts) and
Cn the set of name symbols (defined concepts).

A T-Box T is a set of equations

C1 = C2

where C1 ∈ Cn and C2 a concept expression using concept from C.
For every C1 ∈ Cn there is at most one equation in T with lefthand side
C1.
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Acyclic T-Box

Given a T-box T .

A concept C1 ∈ Cn directly uses B ∈ C in T if C1 = C2 is in T and B
occurs in C2.

A concept C1 ∈ Cn uses B, if (C1,B) is in the transitive closure of the
direct use relation.

A T-Box T is called acyclic is there is no C ∈ Cn that uses itself.
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Definitorial T-Box

A T-Box T is called definitorial if the base concepts uniquely define the
name concepts.

Formally

if for any two interpretations I and J over the same domain ∆

I satisfying T and
I with CI = CJ for all base concepts C ∈ Cb and
I RI = RJ for all roles R ∈ R

we already have
I I = J , that is CI = CJ for all name concepts C ∈ Cn.

Any noncyclic T-Box is definitorial.
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The A-Box

Let K be a set of constant symbols.
An A-Box A is a set of formulas of the form

C(c), R(c,d)

with C a concept expression, R ∈ R and c,d constants in K .

An interpretation I assigns I(c) ∈ ∆ for any c ∈ K .

Unique naming assumption:

I(c) 6= I(d) if c and d are different symbols in K .
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Reasoning Tasks

Let T be a noncyclic T-box, A an A-box, and E an ALC-expression.
1. E is satisfiable with respect to T ,

i.e., if there is an interpretation I such that CI = CI1 for every
C = C1 in T and EI 6= ∅.

2. A is consistent with respect to T ,
i.e., there is an interpretation I such that
2.1 CI = CI

1 for every C = C1 in T and
2.2 dI ∈ DI for every expression D(d) ∈ A and
2.3 (dI

1 ,d
I
2 ) ∈ RI for every expression R(d1,d2) ∈ A.
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Eliminating the T-box

Let T be a noncyclic T-box.
1. For any concept expression D there is an expression D′ such that

D is satisfiable with respect to T iff D′ is satisfiable with respect to
the empty T-box.

2. For any A-box A there is an A-box A′ such that A is consistent
with respect to T iff A′ is consistent with respect to the empty
T-box.
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Negation Normal Form

A concept expression C is called in negation normal form if the
negation symbol ¬ occurs in C only in front of concept symbols.

For every concept expression C there is an equivalent concept
expression Cnnf in negation normal form.
Use classical deMorgan rules and

¬∀R.C ⇔ ∃R.¬C
¬∃R.C ⇔ ∀R.¬C
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Tableau Rules for ALC

(C1 u C2)(c)

C1(c)
C2(c)

(C1 t C2)(c)

C1(c) C2(c)

(∃R.C)(c)
R(c,d)
C(d) d a new constant

(∀R.C)(c)
R(c,d)

C(d)
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Example Derivation

∃R.(C1 u C2) v (∃R.C1) u (∃R.C2) is valid iff
∃R.(C1 u C2) u ¬((∃R.C1) u (∃R.C2)) is not satisfiable.
Negation normal form ∃R.(C1 u C2) u ((∀R.¬C1) t (∀R.¬C2)).

∃R.(C1 u C2) u ((∀R.¬C1) t (∀R.¬C2))(c) 0[]
∃R.(C1 u C2)(c) 1[0]

((∀R.¬C1) t (∀R.¬C2))(c) 2[0]
R(c,d) 3[1]

(C1 u C2)(d) 4[1]
C1(d) 5[4]
C2(d) 6[4]

(∀R.¬C1)(c) 7[2] (∀R.¬C2)(c) 8[2]
¬C1(d) 9[7,3] ¬C2(d) 10[8,3]
closed [9,5] closed [10,6]
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Theorems

Soundness

Let C be a concept expression in negation normal form and
T be a closed tableau with root label C(a)
then C is not satisfiable.

Completeness

Let C be an unsatisfiable concept expression in negation normal form
then there exists a closed tableau with root label C(a).
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Another Example Derivation

We look here at the subsumption relation
∃R.C1 u ∃R.C2 v ∃R.(C1 u C2)
It is equivalent to ∃R.C1 u ∃R.C2 u ¬∃R.(C1 u C2) = ∅

∃R.C1 u ∃R.C2 u ∀R.(¬C1 t ¬C2)(c) 0[]
∃R.C1(c) 1[0]
∃R.C2(c) 2[0]

∀R.(¬C1 t ¬C2)(c) 3[0]
R(c,d1) 4[1]
C1(d1) 5[1]

R(c,d2) 6[2]
C2(d2) 7[2]

(¬C1 t ¬C2)(d1) 8[3,4]
(¬C1 t ¬C2)(d2) 9[3,6]

¬C1(d1) 10[8] (¬C2)(d1) 11[8]
closed [10,5] ¬C1(d2) 12[9] ¬C2(d2) 13[9]

open closed [13,7]
Formale Systeme 2 13/16



Optimized ALC-Tableau

Optimized ALC-tableaux use the same rules as ALC-tableau in
general but they restrict the way these rules are applied.

1. For the u and ∀R rule the new formulas C1(c), C2(c), C(d) are
only added it they do not already occur on the branch.

2. For the t rule: if one of the formulas C1(c) or C2(c) already
occurs on the branch no action is taken. Only if both of them are
not yet present the tableau forks as described by the rule.

3. For the ∃R rule: if there already exists a constant such that R(c,d)
and C(d) occur on the branch no action is taken. Only if this is not
the case both formulas are added with a new constant d .
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Termination Bounds
Let T be an optimized tableau with root label C0(c0).
We distinguish constants that may already be present and newly
introduced parameters. In particular c0 is a parameter.
For every branch B of T the following is true

1. For every parameter c 6= c0 on B there is a unique sequence of
roles R1, . . .Rk with k ≥ 1 and a unique sequence of parameter
c1, . . . ck−1 such that Ri(ci−1, ci) and R(ck−1, c) occurs on B for
1 ≤ i ≤ k .
In this case we say that c is a parameter of level k in B.
c0 is of level 0.

2. If a concept expression C(c) occurs on B with c a parameter at
level k then rd(C) ≤ rd(C0)− k .
Thus for any parameter c its level k satisfies k ≤ rd(C0).

3. If C(d) occurs in B then C ∈ SubEx(C0).
4. If R(c, c1), . . .R(c, cm) occur on B for different symbols c1, . . . , cm

then m ≤ the number of existential expressions in SubEx(C0).
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Termination Lemma

The construction of an optimized tableau reaches after finitely many
steps a tableau were no more rules can be applied.

Let C(c0) be the root label,
s the number of all subexpressions of C0 and
e the number of existential subexpressions.

Then at most erd(C0) new parameters can be generated

Thus at most s × erd(C0) concept formulas and at most erd(C0)

R-formulas can occur.
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