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A Modal Tableau Calculus
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Prefixes

1. A prefix σ is a finite sequence of natural numbers.
2. A prefix formula is a syntactical element of the form σA where σ is

a prefix and A a modal formula in PModFml
3. A signed prefix formula is a syntactical element of the form σZA,

with σA a prefix formula and Z ∈ {T ,F}.

〈11〉((p ∧ q)→ (�p ∨ ♦q)) is a prefix formula.
〈11〉(p ∧ q)→ 〈1〉(�p ∨ ♦q)) is not a prefix formula.
A prefix can only occur at the top level.
Let A be a formula, then TA and FA are signed formulas
g |= TA ⇔ g |= A
g |= FA ⇔ g |= ¬A

Note on notation: In examples we will write prefixes as 〈n1n2 . . . nk 〉
instead of 〈n1,n2, . . . ,nk 〉. This is possible since we will only need to
consider prefixes with single digit ni .
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Classification of Signed Formulas
α-formulas: α0 α1

TA ∧ B TA TB
FA ∨ B FA FB
FA→ B TA FB
F¬A TA TA

β-formulas: β0 β1
TA ∨ B TA TB
FA ∧ B FA FB
TA→ B FA TB
T¬A FA FA

ν-formulas: ν0
T�A TA
F♦A FA

π-formulas: π0
T♦A TA
F�A FA
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Modal Tableau Rules

Let σ be an arbitrary prefix,
α a signed α-formula, β a signed β-formula,
ν a signed ν-formula, π a signed π-formula.

σα

σα0
σα1

σβ

σβ0 or σβ1

σν

σ′ν0
σ′ accessible from σ and

σ′ occurs already on the branch

σπ

σ′π0
σ′ accessible from σ and

σ′ is not an initial segment of a
prefix occuring on the branch
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Prefix Accessability

Let σ, σ′ be prefixes.

σ′ is K-accessible from σ iff σ′ = σn for some n ∈ N
σ′ is T-accessible from σ iff σ′ = σ or σ′ = σn for some n ∈ N
σ′ is S4-accessible from σ iff σ is an initial segment of σ′

σ′ is K4-accessible from σ iff σ is a strict initial segment of σ′

i.e.,σ 6= σ′
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Example Tableau 1

〈1〉 F (�A ∧�B)→ �(A ∧ B) (1)
〈1〉 T�A ∧�B (2) from 1
〈1〉 F�(A ∧ B) (3) from 1
〈1〉 T�A (4) from 2
〈1〉 T�B (5) from 2
〈11〉 FA ∧ B (6) from 3
〈11〉 TA (7) from 4
〈11〉 TB (8) from 5

〈11〉 FA (9) from (6) 〈11〉FB (10) from (6)
closed (9,7) closed (10,8)
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Example Tableau 2
reverse of example 1

〈1〉 F�(A ∧ B)→ (�A ∧�B) (1)
〈1〉 T�(A ∧ B) (2) from 1
〈1〉 F�A ∧�B (3) from 1

〈1〉 F�A (4) from 3 〈1〉 F�B (5) from 3
〈11〉 FA (6) from 4 〈11〉 FB (10) from 5
〈11〉 TA ∧ B (7) from 2 〈11〉 TA ∧ B (11) from 2
〈11〉 TA (8) from 7 〈11〉 TA (12) from 11
〈11〉 TB (9) from 7 〈11〉 TB (13) from 11

closed (8,6) closed (13,10)

Note: formula (2) is used twice.
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Example Tableau 3

〈1〉 F�(A ∨ B)→ (�A ∨�B) (1)
〈1〉 T�(A ∨ B) (2) from 1
〈1〉 F�A ∨�B (3) from 1
〈1〉 F�A (4) from 3
〈1〉 F�B (5) from 3
〈11〉 FA (6) from 4
〈12〉 FB (7) from 5
〈11〉 TA ∨ B (8) from 2
〈12〉 TA ∨ B (9) from 2

〈11〉TA (10)[8] 〈11〉TB (11)[8]
〈12〉TA (12)[9] 〈12〉TB (13)[9]

closed (10,6)
... closed (13,7)
open
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Example Tableau 4
S4-tableau

〈1〉 F�A→ �(�A ∨ B) (1)
〈1〉 T�A (2) from 1
〈1〉 F�(�A ∨ B) (3) from 1
〈11〉 F�A ∨ B (4) from 3
〈11〉 F�A (5) from 4
〈11〉 FB (6) from 4
〈111〉 FA (7) from 5
〈111〉 TA (8) from 2

In the K-calculus we could in line 8 only obtain 〈11〉TA which does not
lead to a closed tableau.
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Satisfiable Tableau
First step towards the Correctness Theorem

A tableau T is satisfiable, if
there is
I a branch B in T ,
I a Kripke structure (G,R, v) and
I a mapping I from the set of all prefixes occuring in B into the set G

of possible worlds
such that

R(I(σ), I(σ′)) if σ′ is accessible from σ
and

I(σ) |= A for every formula σA in B.
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Correctness Lemma

If T0 is a satisfiable tableau and T is obtained from T0 by a rule
application then also T is satisfiable.

Proof deferred.
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Correctness Theorem

Assume that there exists a closed tableau with root label 〈1〉FB,

then B is a tautology.

Proof

Let T be the closed tableau for 〈1〉FB.
Assume there is a Kripke structure and a world g with g |= ¬B.
The initial tableau T0 would thus be satisfiable.
By the Correctness Lemma also T had to be satisfiable.
But, a closed tableau is never satisfiable.
Contradiction.
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Correctness Lemma

If T0 is a satisfiable tableau and T is obtained from T0 by a rule
application then also T is satisfiable.

Poof by case distinction on the applied rule.
Interesting cases:

The ν-rule

The π-rule
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Example Tableau 5

〈1〉 F�A→ ♦A (1)
〈1〉 T�A (2) from 1
〈1〉 F♦A (3) from 1

Formulas (2) and (3) are both ν-formulas. No further rule is applicable.

Drop the restriction on the ν-rule that only prefixes present on the
branch are allowed. Then we continue

〈11〉 TA (4) from 2
〈11〉 FA (5) from 3

closed

�A→ ♦A is not a K-tautology.

Thus the restriction on the ν-rule is neccessary for correctness.
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Completeness Theorem

If A is a tautology then there is a closed tableau with root label 〈a〉FA.

Proof Outline

1. Assume there is no closed tableau for 〈a〉FA.
2. Let T be an exhausted tableau.
3. Let P be an open branch in T .
4. Define (G,R, v)

I G = the set of all prefixes occuring in P
I for σ, σ′ ∈ G: R(σ, σ′)⇔ σ′ is accessible from σ as a prefix
I v(σ, p) = 1⇔ if σTp occurs in P

5. Show: if σXB is in P then ((G,R, v), σ) |= XB for X ∈ {T ,F}
6. Inparticular, since〈a〉FA is in P we have ((G,R, v), σ) |= ¬F .
7. F is not a tautology.
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Completeness Theorem
Proof of 5

The proof proceeds by structural induction of B.

Initial Cases

σTp occurs in P

((G,R, v), σ) |= p by definition.

σFp occurs in P

σTp does not occur in P since P is open.
Thus ((G,R, v), σ) |= ¬p by definition.
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Completeness Theorem
Proof of 5

Induction Steps

σT�A occurs in P (case σF♦A is similar)
For any σ′ ∈ G with R(σ, σ′) eventually the ν-rule will be applied and
thus σ′TA will occur on P.

By induction hypothesis ((G,R, v), σ′) |= A.

Since this is true for all σ′ of the given kind we arrive at

((G,R, v), σ) |= �A.
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Completeness Theorem
Proof of 5

Induction Steps

σT♦A occurs in P (case σF�A is similar)

Since P is exhausted the π rule will eventually be applied.
Thus σ′TA is on P for some new σ′ with R(σ, σ′).

By induction hypothesis ((G,R, v), σ′) |= A.

Thus also
((G,R, v), σ) |= ♦A.
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Local/Global Tableau

Let M ⊆ PModFml be a set of modal formulas.
1. A local tableau for M is a tableau T built up from an initial tableau

σ0XA by using in addition the following rule:

σ0TA
for every A ∈ M

2. A global tableau for M is a tableau T built up from an initial tableau
by using in addition the following rule:

σTA
for every A ∈ M and any prefix σ occuring on the path
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Strong Completeness

Let M ⊆ PModFml be a set of modal formulas.
1. M `L A iff there is a closed local tableau for M with root label σ0FA.
2. M `G A iff there is a closed global tableau for M with root label

σ0FA.
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Termination of Tableau Construction
An S4-Tableau

〈1〉 F�♦p → ♦�p (1)
〈1〉 T�♦p (2)[1]
〈1〉 F♦�p (3)[1]
〈1〉 T♦p (4)[2]
〈1〉 F�p (5)[3]
〈11〉 Tp (6)[4]
〈12〉 Fp (7)[5]
〈11〉 T♦p (8)[2]
〈11〉 F�p (9)[3]
〈12〉 T♦p (10)[2]
〈12〉 F�p (11)[3]
〈111〉 Tp (12)[8]
〈112〉 Fp (13)[9]
〈121〉 Tp (14)[10]
〈122〉 Fp (15)[11]
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