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What Is It About?
A First Example

We have seen:

If (G,R) is a reflexive frame, then for every interpretation v

(G,R, v) |= �p→ p

Is the converse also true?
i.e. if for all v we have (G,R, v) |= �p→ p then (G,R) is reflexive?

Assume to the contrary that ¬R(g0, g0) for some g0 ∈ G.

We define an interpretation function v0 by

v0(g, p) =
{

1 if R(g0, g)
0 otherwise

Then ((G,R, v), g0) |= �p but ((G,R, v), g0) |= ¬p
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The Goal of Correspondence Theory

Definition

Let G be a class of frames and F ∈ PModFml.
We say that F characterizes class G, if for any frame (G,R):

(G,R) ∈ G
iff
(G,R, v) |= F for every v

Lemma

The class of reflexive frames is characterized by the formula �p→ p.

The goal of correspondence theory is
I to prove characterization results,
I search for more general characterization theorems and
I investigate the underlying principles and limitations.
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Some Properties of Frames

1 reflexive ∀xR(x, x)
2 symmetric ∀x∀y(R(x, y)→ R(y, x))
3 serial ∀x∃yR(x, y)
4 transitive ∀x∀y∀z(R(x, y) ∧ R(y, z)→ R(x, z))
5 Euklidian ∀x∀y∀z(R(x, y) ∧ R(x, z)→ R(y, z))
6 weakly functional ∀x∀y∀z(R(x, y) ∧ R(x, z)→ y = z)
7 functional weakly functional + serial
8 dense ∀x∀y(R(x, y)→ ∃z(R(x, z) ∧ R(z, y))
9 weakly connective ∀x∀y∀z(R(x, y) ∧ R(x, z)→

(R(y, z) ∨ y = z ∨ R(z, y))
10 weakly oriented ∀x∀y∀z((R(x, y) ∧ R(x, z))→

∃w (R(y,w) ∧ R(z,w))
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A List of Characterization Results

1 reflexive �p→ p
2 symmetric p→ �♦p
3 serial �p→ ♦p
4 transitive �p→ ��p
5 Euklidian ♦p→ �♦p
6 weakly functional ♦p→ �p
7 functional ♦p↔ �p
8 dense ��p→ �p
9 weakly connective �((p ∧�p)→ q) ∨�((q ∧�q)→ p)

10 weakly oriented ♦�p→ �♦p
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Proof of the Characterization of
Transitive Frames
�p→ ��p is the characterizing modal formula

Part 1

Let (G,R) be a transitive frame,
v an arbitrary interpretation and g ∈ G.

Let K abbreviate (G,R, v).

We assume (K, g) |= �p and aim to show (K, g) |= ��p.

For all g1, g2 with R(g, g1) and R(g1, g2) we need to show (K, g2) |= p.

By transitivity of R also R(g, g2) is true.

Thus the assumption (K, g) |= �p immediately yields (K, g2) |= p.
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Proof of the Characterization of
Transitive Frames
�p→ ��p is the characterizing modal formula

Part 2

Assume (G,R) is not transitive.
Thus there are g0, g1, g2 ∈ G with R(g0, g1), R(g1, g2) and ¬R(g0, g2).

We define the interpretation function v0 by

v0(g, p) =
{

1 if R(g0, g)
0 otherwise

Notation: K0 = (G,R, v0)

(K0, g0) |= �p and (K0, g2) |= ¬p

Thus (K0, g0) 6|= ��p.

Altogether: K0 6|= �p→ ��p .
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A More General Characterization
Result

Notation:

Rn(x, y) = ∃u1 . . . ∃un−1(R(x, u1) ∧ . . . ∧ R(ui, ui+1) ∧ . . . ∧ R(un−1, y)).

R1(x, y) = R(x, y) and R0(x, y) = x .
= y.

�np is an abbreviation for � . . .�︸ ︷︷ ︸
n−times

p with �0p = p and likewise for ♦np.

Lemma

For every n ∈ N, every Kripke structure K = (G,R, v) and every world
g ∈ G:

1. (K, g) |= �nF iff for all h ∈ G with Rn(g, h) we have (K, h) |= F

2. (K, g) |= ♦nF iff there is h ∈ G with Rn(g, h) and (K, h) |= F
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The C-property

C(m, n, j, k) = ∀w1∀w2∀w3((Rm(w1,w3) ∧ Rj(w1,w2))
→ ∃w4(Rn(w3,w4) ∧ Rk(w2,w4)))

g1

g2

j steps

g3

m steps

g4

k steps

n steps
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Characterizing the C-property

Theorem

For every quadtruple m, n, j, k of natural numbers

♦m�np→ �j♦kp

is a characterizing formula for the class of all frames satisfying
C(m, n, j, k).
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Meaning of Some C-Properties

1 (G,R) |= C(0, 1, 2, 0)) iff R ist transitive
2 (G,R) |= C(0, 1, 0, 0)) iff R ist reflexive
3 (G,R) |= C(1, 1, 0, 0)) iff R ist symmetric
4 (G,R) |= C(1, 0, 1, 0)) iff R ist weakly functional

1 ∀w1∀w2∀w3((w1 = w2 ∧ R2(w1,w3))→ ∃w4(R(w2,w4) ∧ w3 = w4))
∀w1∀w3(R2(w1,w3)→ R(w1,w3)),
∀w1∀w3∀u(R(w1, u) ∧ R(u,w3)→ R(w1,w3)),

Characterizing modal formula:

1 ♦0�1p→ �2♦0p
�p→ ��p
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Scope of Characterizability

1. Can every class be characterized?

Given an arbitrary formula φ of first-order predicate logic.
Is there a characterizing formula F ∈ PModFml for the class
G = {(G,R) | (G,R) |= φ} of frames defined by φ?

2. Does every modal formula characterize a class?
Given an arbitrary formula F ∈ PModFml let G be the class of
frames (G,R) such that for all v the Kripke structure (G,R, v)
satisfies F.
Can G be defined by a first-order formula φ?
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A Technical Lemma
Warmup for non-characterizability results

Let K = (G,R, v) be an arbitrary Kripke structure.
For g ∈ G let g1, g2 be two new worlds.
A new Kripke structure K∗ = (G∗,R∗, v∗) is defined by

G∗ = {gi | g ∈ G, i ∈ {1, 2}}
R∗(gi, hj) iff R(g, h) & i, j ∈ {1, 2} if g 6= h
R∗(gi, gj) iff R(g, g) & i 6= j
v∗(gi, p) = v(g, p)

Lemma
For every g of K the following is true for every formula F ∈ PModFml:

1 (K, g) |= F iff (K∗, g1) |= F
2 (K, g) |= F iff (K∗, g2) |= F
3 K |= F iff K∗ |= F
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A Non-Characterizable Frame Class

Let G be the class of irreflexive frames (all frames satisfying
∀x¬R(x, x)).

There is no characterizing formula in PModFml for G.

Proof

Assume that Firr ∈ PModFml characterizes G.

Consider frame (G,R) with G = {g0} and R(g0, g0)

(G,R) is not irreflexive thus (G,R, v) |= ¬Firr for some v.

Let (G∗,R∗) be the frame constructed in the previous lemma.

Since it is irreflexive we must have (G∗,R∗, v∗) |= Firr.

But, by the previous Lemma also (G,R, v) |= ¬Firr.
contradiction
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Further Non-Characterizable Frame
Classes

The following frame classes cannot be characterized by a modal
formula:

∀x¬R(x, x) Irreflexivity as seen
∀x∀yR(x, y) Universality see Fitting
∃x∃yR(x, y) Nontriviality see Fitting
∀x∃y(R(x, y) ∧ R(y, y)) see Benthem 1984
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Subframes

A Kripke frame (G2,R2) is a subframe of a Kripke frame (G1,R1), if
1. G2 ⊆ G1 and
2. for all g, h ∈ G2 R2(g, h) iff R1(g, h)

A subframe (G2,R2) of (G1,R1) is called a closed subframe, if every
world that is accessible from G2 is already a world in G2. Formally

3. for all g, h ∈ G1 satisfying g ∈ G2 and R1(g, h) we have h ∈ G2.

Formale Systeme 2 17/23



Subframes

A Kripke frame (G2,R2) is a subframe of a Kripke frame (G1,R1), if
1. G2 ⊆ G1 and
2. for all g, h ∈ G2 R2(g, h) iff R1(g, h)

A subframe (G2,R2) of (G1,R1) is called a closed subframe, if every
world that is accessible from G2 is already a world in G2. Formally

3. for all g, h ∈ G1 satisfying g ∈ G2 and R1(g, h) we have h ∈ G2.

Formale Systeme 2 17/23



Subframes

A Kripke frame (G2,R2) is a subframe of a Kripke frame (G1,R1), if
1. G2 ⊆ G1 and
2. for all g, h ∈ G2 R2(g, h) iff R1(g, h)

A subframe (G2,R2) of (G1,R1) is called a closed subframe, if every
world that is accessible from G2 is already a world in G2. Formally

3. for all g, h ∈ G1 satisfying g ∈ G2 and R1(g, h) we have h ∈ G2.

Formale Systeme 2 17/23



Subframe Lemma

If (G2,R2) is a closed subframe of (G1,R1),
v1 : G1 × P→ {0, 1} an arbitrary interpretation function,
and g ∈ G2 an arbitrary world

then for every formula F in PModFml:

(G1,R1, v1, g) |= F iff (G2,R2, v2, g) |= F.

Here v2 is the restriction of v1 to the domain G2 × P.
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Non-Characterizability of Non-Trivial
Frames

The class of non-empty frames,

i.e., the class of frames satisfying ∃x∃yR(x, y)

cannot be characterized by a formula in PModFml.
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A Non-First-Order Characterisable
Class

The formula
(�p→ ��p) ∧ (�(�p→ p)→ �p)

characterizes all transitive frames (G,R), such that the inverse relation
R−1 is wellfounded,
i.e., there is no infinite chain of elements g0, g1, . . . , gn . . . in G such that
R(gi, gi+1) for all 0 ≤ i.

It is well know that there is no first-order axiomatization of this class of
frames.

For a proof see Benthem 1984, pp 195ff.
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Transitive Closure
Repetition

The transitive closure of a binary relation R is the smallest relation Rt

with the properties
1. Rt is transitive and reflexive
2. R ⊆ Rt

The transitive closure can equivalently be described by the direct
definition:

Rt(a, b) ⇔ there is n ∈ N and there are elements a0, . . . , an

such that
a = a0,
b = an,
R(ai, ai+1) for all 0 ≤ i < n
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Another Non-First-Order
Characterisable Class

The conjunction of the following multimodal formulas

�ap→ (p ∧�a�bp)
(�a(p→ �bp)→ (p→ �ap))

characterizes the class of all multimodal frames (G,Ra,Rb), such that

Ra is the transitive closure of Rb.
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